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6. CONCLUSIONS

The following conclusions were drawn from the analysis described

in thi s report :

1. The numerical method developed here gives results which follow the

trend of available experimental data and other analytical resul ts .

2. When using an explicit finite-difference method to solve the governing

equations , small step sizes are required to obtain stable and accurate

results; the effect of small step sizes on the computer program is

large execution times and large storage requirements .

3. The implicit method described in this report overcomes the step size

problem and still remains stabl e and accurate.

4. Analysis of the governing equations showed them to be hyperbolic , but

the characteristics were practically parallel to the cone generators

and thus the characteristics crossed at large distances downstream.

5. Because of the large character istic distances , the step sizes used

were based on truncation error rather than on the zone of infl uence.

6. Large spin rates (cone base surface velocity larger than free stream

velocity) would cause the computer sol ution to break down, particularly

in the case of angle of attack.

7. Computer solutions can be found in the cases where the spin velocity

produces a cone base surface velocity on the same order or less than

free stream vel ocity .

8. Typical execution times for the implicit finite-difference method was

less than three minutes on an IBM 370/175 computer.

- - - -
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7. RECOMMENDATIONS

It is recomended that future work be conducted to incl ude the

following:

1. the skewed transition line,

2. and a better method for the calculation of y ,  such as the method

of Spalding and Chi 11 .
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APPENDIX A

Derivation of Governing Equations

First rearrange the continuity equation (eq. (7)) to get the

following form

av _ f au + u 4. 1 aw
ay — — 

[as s s sin i~

and then non-dimensionalize to obtain

+ *1 av au 1 1  s a u l +

- s~n ~ 1~ 
~~ ~~~~~~~~ 

w J  . (A-l)

Now use- the velocity coorelations (eqs. (25) and (31)) and the

def in i t ion  of cz~ (eq . (19)) to evaluate the above. First expend the

derivati ve of the u velocity profile

(A-2)as as ay~ 
as aa5

Si:ce y = 

“w 
then

~x__ = ~~~~as VW aS

*

-~- 1~--uas 
~
ue e

— 
+ Ii aue 1 au

e— y  
~
ue as~~~~+ as~~e

I 
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Define A3 to be

A — 
1 au* — 

1 aue 1 au: (A—3 )
- 

. * as 
- -

e

such that

(A-4 )

The derivative of eq. (19) with respect to S gives

aa5 — 

v~, a2ue (aue~
2 we (awe

— 

(u~)3 
~~ 

ue as2 
- prj + T

2
1 a u el ul awe 1 ~~

(
- sin * asa+J + 

~~~~ 

—

~~~~

- - —i w~j ~“e

- 51~
-
~J w2 sin2

*]

vw 3~u*I we l  1 aue
-
— I - 

(u*)3 
~~~ 

7 ~~ - 

s-in ‘j’

— 
2 s s in2 *] (A—5)

Define the fol lowing

B — 1 au* 1 aue 1 au

~ u* a~ ue a$ u a~ 
(A 6)

and A4 
= - 

~
-
~-[~ :~n ;p :~: + (1 + 

~~ 
) (W e

-- 

1 aue) We 2 2 1 3s aue
- s-i n * 

—
~
. + ~~ SI fl 

~i, ~
l - ~— —i-

- —-~~— - 1 2 -  1 _
~~~

] (A-7)
s as 

~ We sin * a+j

L
— -

~
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and substitute into equation (A-5) to obtain

~ 
( u ) 3[~~~ e

} 
+ A
4] 

. (A-8)

Substitute equations (A-4) and (A-8) into equation (A-2) to get

+

- + au+ 
+ 

3a5 aue + 
+ ~- A 3 y T T as “w (u e )

ay Ue

a2(J-)[ 
~~ 

+ A4] -~j - . 
(A-9)

Next look at the w velocity component. Using the chain rule of differen-

tia l calculus , the following derivative is obtained

+ + + aa + +
= ~L_ ~~. + ~~~~~~~ . .~~. + !~~. 

�_
a~ a~ ay a~ aa5 a~ a~

a41 aa a~ ae a~ a6+

+ 
au 

~~ (A-la)

~ au+
e

From the de f in i t ion  of y i t follows that

+ * *
= ~.. ~~~~~ = 

~
,.
+ 1 .~L. = B y (A-il)

a41 “w~~~ 7~~ a, 3

The deri vative of eq. (19) wi th respect to 41 gives

aa 5 “w ~~ u 
a2ue 

- ~~e 
~~~ +

= — -— e a5a~ ~41 as J S 1a~u3

1 a2ue) 1 awe 1 1 aue- sln * a,2 j s
~~~ ~

We
_

s1n *~~i

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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- 2136 ~~6 q5 in (q + 1) dq + 2800 ~~6 q6 ln (q + 1) dq

-f- 3200
f 

q ln ( q+ l ) d q_ l 2 6 0
f 

q ln (q+l)dq

_ 14 0 0 J 6  q9 ln ( q + l ) dq

J ~~ 
(63Oq~ - 3O80q9 + 5940q7 - 5544q5 + 23l0q 3 - 256) dy-f

y

= 2q ~ (630q ~ + 630q - 2450q - 2450q
6 6 15 6 6

+ 3490q + 3490q - 2054q - 2054q
6 6 6 6

+ 256q~~ + 256q~~ + 256) ln (q~~ + 1)

q 4
- 1024 J 6 q ln (q + 1) dq - 1536 J 6 q2 ln (q + 1) dq

q~~ 
q~~

- 2048 6 q3 in (q + 1) dq +20540
J 
~ q4 ln (q + 1) dq

q~~ q~~
- 24648 J 6 q5 ln (q + 1) dq - 48860 J 6 q6 ln (q + 1) dq

1 1

- 55840 6 q7 ln  (q + 1) dq + 44100 ~ q8 ln (q + 1) dq

_ 
- - •  - - - - - - - -~~~• - - -
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q~~
-f 4gooOJ6 q9 ifl ( q + l ) d q _ 1 3 8 6 O J q b n (~~+l ) d~

6 

- 15120 (6
-f 

qU ln (q + 1) dq

J ~~~ (2q
6 - 3q4 + 1) dy~ = 2q~~ (2q~~ + 2q~~ - q~~ - q~~

q~~
- q~~ -1) ln (q 

- 1) + 4 J ~ q ln  (q + 1) dq

q~~~

+ 6 J ~ q2 ln (q + 1) dq + 8 J ~ q
3 in (q + 1) dq

q~~
+ 10 J ~ q

4 ln (q + 1) dq - 24 f ~ q~ in (q + 1) dq

6 

~~28f& q6 ifl (q +i ) dq

J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
y 6 6 6 6 6

- z~6+

q

~~
a
~6+ 

- 2) In (q + 1) +8~~
6 q in (q + 1) dq

+ 12 J 6 q2 in (q + 1) dq + 16 J ~ q3 ln (q + 1) dq

1 1

.* q~~ 
q~~

‘

~~~~~ T 2o f 6 q4 b n q + 1 ) d q 24 f 15 q5 ln (q +~~~~~

1

1
A. _____________ _______________ 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
—_ - - • - - - -- _ 

______________ _____________
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— 

6~ 

- 70 q6 ln (q + 1) dq - 80 
~~~ 

q7 in (q + 1) dq

• f ~~ (3q8 
- ~~6 + 1) dy-f = 2q~~ (3q~~ + 3q~~ q~~ - q~~ - q~~

- q~~ - q~~ - 1) ln (q + 1) + ~ q in (q + 1) dq

1

+ 6 J 6 q2 ln (q + 1) dq + 8 J 6 q3 in (q + 1) dq

+ 10 ~~6 q4 in  (q + 1) dq + 12 q5 in  (q + 1) dq

+ 14 ~~6 q6 in (q + 1) dq - 48 J 6 q7 ln (q + 1) dq

~ 5 4 f 6  q ln (q l) dq

1

*5
-f

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
y 6 6 6

0

- 2q~~ - 2q~~ - 2q~~ - 2q~~ - 2q -2) in (q + 1)

q~~
+ 8 J ~ q ln (q + 1) dq + 12 q2 ln (q + 1) dq

q~~ q~~
+ 16 J *5 q3 ln (q + 1) dq + 20 J ~ q4 in (q + 1) dq

1 1
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q~~ q 
6+ 24 6 q in (q + 1) dq + 28 ~ q in (q + 1) dq

q~~ q~~
+ 32 6 q7 ln (q + 1) dq - 126 J ~ q8 in (q + 1) dq

-I
q~~

- 140 J ~ q9 in (q + 1) dq

f ~~~~~~ (4q1° - 5q8 + 1) dy 2q~~ (4q~~ + 4q~~ - q~~ - q~~

- q~~ - + - q
6~ 

- q
6~ - q~~ - 1) in (q + 1)

+ ~ j ~ q in (q + 1) dq + 6 J 
6 q2 i n (q + 1) dq

1 1
q~~

-• 

I + 8 j * 5 q3 ln (q + 1) dq + 1O ~~q4 T h ( q + i ) dq

• - q~~ q~~
+12 6 q5 1n (q .

~ l) dq +1 4 6 q6 ln (q+l )dq

+ 16 q7 in (q + 1) dq + 18 q8 in (q + 1) dq

q~~
- 8 0  ~ q9 ln ( q+i )dq-88 ~ q10 1n (q+1) dq
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J ~~~ (9q
1
~ - llq 9 + 2) dy~ = 2q~~ (9q~~

0 + . 
- 2q~~ - 2q~~

- 2q - 2q~~ - 2q~~ - 2q~~ - 2q~~ - 2q~~ 
- 2) ln (q + 1)

+

+8 6 q l n ( q- 1 ) d q -f l2~~~ q2 ln (q +1 )dq

q~~ q~~
+ 16 f 6 q3 in (q + i) dq + 20 6 q4 ln (q + 1) dq

q~~ 
~ 

q~~ 6
+ 24 J 6 q ln (q + 1) dq + 28 J 6 q in (q + 1) dq

+ 
q
~~

+ 32 J 6 q7 in  (q + 1) dq + 36 J 6 q8 in (q + 1) dq

+ 40 J 6 q9 ln (q + 1) dq - 198 ~ q10 ln (q + 1) dq

lb_ 2i6
f 

q ln (q+i ) dq

1

j 6  q ln (q + 1) dq = 
~~~ [(q~~ 

- 1) ln (q~~ + 1) - 
~~~ (q~~ - 2q~~ + 1)]

J 6 q2 in (q + 1) dq = 
~~ [(q~~ 

+ 1) ln (q + 1) - ~~~ (2q~~ - 3q~~

+ 6q 
+ 

- 5 + 12 in 2)1
6 J

I __
-_ -~~ -_ — —-_ -- - -  —-~~~~~~~~ —- --_-—~~~~~~ - -- 

~~~~~~ -~~~~~~
-- — - - —-~~~~~~~~~ -~~-~~~~~~~~ -— -- 

~
_ 

~~-—
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6~ q3 in  (q + 1) dq = 
~~~ [(q~~ 

- 1) ln (q~~ + 1) - ~~~ (3q~~ - 4q~~

f6q~~~
_ l2q ,..I~7)]

q4 in  (q + 1) dq = 
~~[(q~~ + 1) ln (q + 1) - ~~~ (l2q~~ - 15q~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

q5 in  (q + 1) dq = 
~~[(q~~ 

- 1) in (q + 1) - ~~~ (b0q~~

- l2q~~ + l5q~~ - 20q~~ + 30q~~ - 60q + 37)]

j

q
6~ 

q6 bn (q + 1) dq = 
~ [(q ~ + 1) ln (q + 

+ 1) - ~~~ (60q ~ - 70q

-i 6 6 iS 6

+ 84q~~~- l05q~~~+ i 4Oq~~~- 2iOq~~~+ 42Oq

- 3i9 840 in 2)] 

6 6 6

~~
6
-f 
q7 ln (q + 1) dy = 

~~ [(q~~ - 1) ln (q + 1) - ~~~~~~~~ (lO5q~~ - l2O q~~

+ l40q~~ - l68q~~ + 2b0q~~ - 28Oq~~ + 420q~~

- - 
- 0q + 533)]

~
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in (q + 1) dq = 
~[(q~~ 

+ 1) in  (q + 1) - 2 in  2 

-

-

- 
~~ 

(
~~ 

q~~ - 105 q~~ + l2Oq~~ - l4Oq~~ 
-

+ l6~~~ - 2i0q~~ + 28Oq~~ - 420q~~

+ 840q~~ - ~~
-
~~~~

- _533)] I
F . J 6 q9 in (q + 1) dq = ‘T1~ [(q

lO 
- 1) i n (q + 1) - 

~~~~~~~~ (84q~~°

1 - 

—

- ~~~~ q
6
~ + l O5q~~ - i2Oq~~ + i4Oq~~ - l68q~~ 

-

+ 2l~~~~ - 280q~~ + 420q~~ - 840q + + 449)] 
-

~ 
q~~ in  (q +1) dq = 

~~[(q~~ 
+ 1) in (q~~ + i) - 2 in 2

- ~~~~ . (
~~~ ~~ i - 84q~~° + w q6~ - i 05q~~

+ l2Oq~~ - l 40q~~ + l68q~~ - 2bOq~~ + 280q~~ 
-

- 42Oq~~ + 840q + - 
840 

- 449)] 
-

LA.~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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((5
-f 
qfl in  q + 1) dq ~~~

[q
12 

- l in q ÷ + 1) - ~~~~~ (7oq i2

- !!Q + 84q~~° - 
!~~ .P. q~~ + l O5q~~ - l 20q~~

-~ i4Oq~~~- l68q~~ -f- 2l0q~~~- 280q~~ + 420q~~
*5 *5 15 (5 6

- 840q~~ + 840 (-i;- + 
~
-) + 379)]

*5
-f

J ~~~ (q~ - 1) dy-f = 2 in (q + 
+ 1) - 2 ln 2 + q + q - 2q 

+ 
+

0 y 6 6 6 6

6-f

J ~~~~~~~~~~~~~~~~~~~~~~~~~ i ) - 4 i n 2 + q ~~~-2q~~
O y 6 6 6

+ 2q - 4q 
+ 

+ 3

6-f 

6 *5

~~ (3q
5 

- 5q3 + 2) dy-f 
= -4 in (q + 

+ 1) + 4 ln 2 + q - q

~ y 6 6 6

-2q~~ +4q , - 2

+

~~ (l2q5 - l5q4 - 20q3 + 30q2 - 7) dy-f = - 16 in (q 
+ 

+ 1)
6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-8q~~ - f l 6q ÷ - 12
6 *5 
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6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+

J ~~~~~ (15q7 - 42q5 + 35q3 - 8) dy-f = 16 ln (q + 
+ 1) - 16 in 2

0 Y 6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~~~~~ (63OqU - 3080q9 + 5940q7 - 5544q5 + 2310q3 — 256) dy
y

= 512 in (q 
+ 

+ 1) - 512 ln 2 + i05 q 12 - 490q
6 6-f 6

- - 
+ 

1745 q 8 - 2~54 q 6 + 1 28q~~ + 256q~~ - 51 2q ÷ + 
l~~i

~~ (70q
9 

- 270q7 + 378q5 - 2l 0q3 + 32) dy-f = - 64 in (q + 1)

+ 64 in 2 + i4q~~° - 5Oq~~ + !~~~~~. q~~ - l6q~~ - 32q~~

118
+ 64q + 

-

f ~~~~~ (5q
7 

- 7q5 + 2) dy-f 
= -4 in  (q + 1) + 4 in 2

- -
~~~ q~~ - q~~ - 2q~~ + 4q -
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(5-f

J ~~~~~ (7q9 - 9q7 + 2) dyf-
= - 41n(q + + 1) + 4 ln 2 + ~~ q~~°

a 6

1 8 2 6 4 2 37
- 

~~~ 
- ~~~ - q - 2q + 4q~~ - -

~~~~~

I~ ~~~~~~ (9q
fl 

- llq 9 + 2) dy~~ - 41n (q + 
+ 1) + 4 ln 2 + q

— 

0 
y 6 6

2 10 1 8 2 6 2 2~~ 4 14
- -

~~~ q~~ - -~
. q~~ - 

•
~~~ q~~ - q ÷ - q~~ q~~ -

- - -_ - 
_



r 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
7

• 
- 74

APPENDIX C

Digital Computat ions for the Coeffic ients
to the Governing Equations

Before evaluating tI’e coefficients define the following terms.

2 2 += q - 1 p26 
= q - 1 = a~~(5

p3 q3 - 1 p~~=2q
3 - 3q2 1

5 3 * 5 4 3 2p5 = 3q - 5q + 2 p5 = l2q - i5q - 20q + 30q - 7

7 5 * 7 5 3
p7 

= 5q - 7q + 2 p7 = 15q - 42q + 35q - 8

p8 
= ~~ - 4q6 + 1 p9 

= 7q9 - 9q7 + 2

* 9 7 5 3p9 = 70q - 270q + 378q - 210q + 32

10 8p10 4q - 5 q + 1

p 11 
= ~qfl 

- 11q 9 + 2

p1-i = 630q~ - 3080q 9 
+ 5940q7 - 5544q 5 + 23l0q3 - 256

= 5q~
2 

- 6q’° + 1

6
1 1 + + 2
—2- kb = j  y qdy =

~~~~~2~~5
0 15a 5 6 

~~~~~~~~~~~~~~~~~~~~ 



r 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 

- 

~~~

+

= 

~ 2 qdy = 2
3 p*

3 2 .1 y iO5 a 6
0

6
i 1 +~ + 1 *y qdy = 

~~~
aS 

3i5 a
5 6

15-f

i r +~ + 1 *
—s- k4 = I y q dy = 

~ 6
-

~

6 -f 
- 

-

~ I
~ 

= J q1 dy~ = (if2 ) as 
(q’2 — 1) i = 1 ,4,6

= 
~~~~~~ 

dy~ = 2 ln ( q+  1 )- 2 in 2 +~~ q~~~~q~~ - 2q~~ +~~

- f  6~

~~I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
6 6 6 6

-4q + 3
6

~5 = J ~~~~p5 dy~~= - 4ln ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 4q 
+ 

- 2
6 

Ii-

I 

~~~ —-— ~~~•-~~~~— - - -- - - -  - -~~
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6~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

6 (5 6 6

+ l0q~~~- 8 q~~~+ i6q - 12
6 6 6

+

P7 
= 
j

6 
p7 dy~~ -4 

in (q~~ + 1): 4 in 2 + ~~ q~~ - ~~~ q~~ -

- 2q 
+ 

+ 4q 
+ 

-

6 *5

(5+

= f ~ ~ dy~~ 16 in  (q + 1)- 16 in 2 + ~~~~ q~~ - 9q~~ + 4q~~

+ 8q~~ - 16q ,. +

6~
= J ~~ p9 dy

-f 
= 

2 

~ ln (q~~ + 1) + 4 in  2 + ~~ q~~° - ~~ q~~

~~~~~~~~~~~~~~~~~~~~~~~~~

~5
-f

~= J ~~ p;dy~= _ 64 1n(q + + l )+ 64 i n 2 + 1 4 q
6~
°_ 5oq

6~

- -
~
-

~~~~~ q~~ - l6q~~ - 32q~~ + 64q~~ -

• 6-f

= p11 dy
-f 

= 

1 

~ 

~ :~ 

in 2

2

+ 
~~~ i~

2 

~ 
q~~°

• 

- -
~~

- q~~ - ~~~
. q 4 - q~~ - 2q 4~ + 4q -

j  I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- •-- -------- - -
~~~~~~~~
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1 +

I = 
~~ P~1 

dy~ = 512 in (q~~ + 1) - 512 ln 2 + iO5q~~
2 

- 490q~~
0

I + 
l7~5 q 8 - 2054 q 6 + 128q~~ + 256q~~

1951I — 512q ÷ + 
6

- 1  -f

1 1 + 3  + 2y q dy =

a~ 0 
35 ct

5 *5

+
- 15

1 1 + 4 + 1.. —2- m4 j  Y q dy =

l 2a 5 6

+
6

— 1 -‘- 5 + 2
Y q dy =

a~ o 63a5 6

15-f

1 1 + 6  + 1
—~ m6 = j  ~ 

q dy =

a
~ o 20a5 6

+
*5

1 + 7 + 2y q dy = 2~~ila~ 0 
99a (5

+
6

1 + 8  + i
• _2- m8 f  

y q dy =

I a5 0 
30a5 6

__ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+6
1 1 + + + 2 + —

—
~

- n1 = j y q u dy = 2 [K tie ~
)5 —

l5
~~

c
~5 

(5

+6
1 1 +‘~ + + 2 + *

~~~ 
n2 = J y q u dy = —

~~~ [K tie P7 -

Ka o 105 ~a
5 

(5

+IS
1 1 -i-” + + 1 + * _*

y q u  dy = 
4 [KUe P9 

_ P
9]

0 
315 ~ a

5 
6

+6 A

1 +~
‘ + + 1 + * _*

y q u  dy = 5 [KU e Pil - P b 1]
(a 3465 Ka 6
S 0 s

+

1 
~~[~~~

(5
~

2
K U : k l

]

Ka
5 

2

+6 9
i I +~ + + 1 3 +~ +

—

~~~~

- K2 = I y u dy = 
~ 

[ct~ 6 K Ue - k2]

b 3 K a
5

1 ~~~~~~~ + 
_ _  

4 - ~-~ +

~~ 
K3 = j y u dy = 

~ 
[a

~ 
(5 K ue - k3]

4 K a
5

k _____K4 
= J y~ u ’- dy~ = [~ 6 K ~: 

- k4]

~ 

~~~~~~~~~~ - 
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__ .L
3 = f y

+ q3 u+ dy~~~~i
2-

[ K U m 3
_~~~P7]

6~1 1 5  + 1 + 2—
— 

__
~2-

L5 = j  y q u dy =_ -
~2-

[Ku e rn5 _ p jPg

+

L7 
= j

6 
~~ q7 u~ dy~ = ~~ [K ~: m7 

-

Ka
5 0 Ka

5

+

2 2  M1 = J y
~ u 

= 

2 2 2 [a~ 6 K
2 

~:
2
- 2 n1]

0 K a
5

+

K
2

Ct~ 

M2 
= 
j

(5
2 

u
2 
dy-f = [a~ 6~ K2 ~:

2 - 2 n2]

+6
1 i ~ 2 + 1 4 +‘ 2 ÷2

24 M3 J  
y u dy 2 4 [a5 6 K U

e 
- 2 n 3

K a
5 

K a
5

+

____ M4 
= y

4 
u
2 
dy-f = 2 5  [~~~~~ 

6 K
2 

~:
2 

- 2 n4]

6~
~~ N1 

= I q u dy-f = 
3 ~ 

[K ~: ~3 6 -

S 0

•

~

-•

~

- - --

~

-- - _ • ~~~~~~~~~~~~~~~ • • • ~~~~~~~~~~~~~~~~~~~~~ J
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(5-f

~~ N3 f q3 u~~ y+ [ a 6~~~K u ~~~q~~~~~- 14 -~~~n1]

o 6

+

. N5 
= f q

5 u dy-f = 

~~~
-; 

[a~ 6 K ~: 
q5 - 16 

- ~~ L3]

:: ~ — N 7 = f  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

6~
-i-— u1 = I u~ dy

-f = ~—i_ [a~ (5~ K u - h I  = 1(e)

0

6-f
i +~ + 1 + 2 + 2

—2-—— U 2 j  u dy = 
2 [a~~15 K Ue 

2N 1)

b K a
5 H

Evaluation of the coefficients to the governing equations is given

below .

+ 
H

y
I + + + + 2

-; ‘0 
= u dy = y u - 

~~~~

~- +y
+ 2 1 +

~2 I  ~ —dy — 2 p3 -~~~—y

o S 3 Kcz
5

I

L A ~~~~~~~
—

~~~~~~~
-
~~~~~~~~

- -
~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~ --- - -

• 

-



- - -‘- -——.—- --! _‘ _-—, _ •~
- -— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ——- ---- ?•,—-—r- .__~
’__ •_ ___ _ •

~•• - —- - - •— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :i_ i _.: - - 

•—~~
-- __ =•_____ • -

81

+ 

__JØ = f

Y
w-f dy-f = a u

~~
y-f

+ 0 [y
+ u+ _

3
~~~

5
p
3]

+ 
2(8-a-O) [

~ 
y~
2 

u~ - 2 p56 l5 Kct 5

(0-84-a ) I~i~ +
3 + 2 *

+ 2 1 3 y U-

~
-f L 315

+

= dy = 

~~~ 
{ ® [~ p3 - y-f]

+ 
2(B-a- e) 1 2 

~+ 2 P5 2 Y

+ 

+ 
(e-~ -a) 

[io:
2
a; ~; ~~1 ~+3] 

}

= 

~y 
!~~dy

’- = - 2( :_a-e l[1 
~

-f2 
~~ 

- 

i5 Ka~ ~5]
2(0- B-f-alIl +~ + 2 *

- ~ 1 •~ y U -

*5-f L 315 KCL
5

+y
I 3w-f + + + 2J 4 = j  -~ -dy = y  U 

3 K a ~~~3
0 5

2 1 b ~~I~
2 + 1

- ~~ 1_~~~y ~ 
- 

15 KU
2 ~ 5

--

~

- -- - ----- ---- - - - - --

~

-- ---- ---— _ — --- —— ~~ —-~~~~~—— -~~~
----—-— ---— -- ----- ---- --- - - ---•~---- - --_- - - -- -



T T~TI~~iTT ~~T 
• -

~
82

+ ~~~
[
~~ +3 

~
-f 

- 

315 KU~

J5 = ~~~~~~~~~ dy = 

~~ 
[
~ 

y~
2 

u~ - 

15 KU~ ~5]
1 Il -F~~4- 2 *1- L~ 

~ - 

315 KU~ 
~~
7]

= dy = ~: y~ - ~~~ 

y-f2 u-f - 

15 KU~

1 Ii +3 + 2
U 

~~3i5 Kc*~~~~7j

+6 2
G
1 f  

U dy 
~~~ 

~2

0 5

+

G2 
= 

~~~ 

(u~ - 

~~ 

- 

1
2) 

dy~ = 

3 K
2

U~ 
[K ~: ~;6 - 4~3 + 4P

3]

G3 
= ~~~~ w dy-f = 

1c2a [a 
K ~: u1 + e U2

+ 
2(B-a-~~ M + (0-84-a) M2a6 2 +2

S a 6

~~~~~

- -——--••—----- — - - - -  --—-----_~~~~~~•--~~ --•-



--—‘--— 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

—-----—
~~ 

-•---- ____ ~~~~~~~~~~~
_ __

- - _ _
•~~

_ ;~~~
_ -- -

_ 
~~~~~~~~~~~~~~~~~~~~ 

- 
‘
/ •1

•1 
83

+ +6 + + 6 (q -l) +
G4 

= 
~ [~ -~~~

;;- 
- 

~ j J2 + 
u54~6~ ~~~~ 

J3 ] dy
4.

= 

K
2

U~ { ~ K ~: a + 0 (K ~: ~;6 - ~ p3 + 4p3 )

+ 
2(8-a-e) 

(K ~: ~ - 8~5 + 4p5 )
iO cs56 6 6

+ 
(e-8+~~~~

[ 

u: (~~~~~~~~~; 
-~~~~a~ 6~~) -~~~~~~

+
~~

k
2]}a

5 
6

(q -i)
(5 1 2(8-a-0) I + 2- 2 2  I + ~

K U
e PS 

p5
K a

5
q~~~ L’5 ~s

6 6

+ 
4(0-84-a) 

(K u~ p
~ - 2

315 a56 J

~
---- • I

= 

~~~ ~~~~~~~~~ 

J3 dy~ = - Ka 5q~~ [2~8~~
_
~~ (K ~: ~56 

-2 
~5)

+ 
2 4 .2 K ~: ~;6 - 2 ~)]315 a5

(5

G6 = f~~~~~J4 dy~~=
2
2 [K

U:P3
- 2

~~3] 
-G 7

+(5

G7 
= J5 dy-f 

= 

K2a~6+ [ni - ‘~ T P5 - 

a
~
6 13 n2 - 

~~~~~~~~ ~;J]
‘ - I  

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  

L
h A  -j--— —— — ----———----- — —--- - — -~ - ———- -•—-—- _ _ ___ s___ -__~_



_____ 
_ _  

~1’T

84

+ +

= 
~6 

~~~ ~6 
dy-f = ~e 1 - G7

G9 
= 
j
6iw4-2 

+ 

~o ] dy ’- = 

K2a [a
2 (K U )  a~ *S ’-

+ e(2 a K ~: u1 + 0 u 2 ) + 
2(B-a-01(2 a K ~: K1

a
~ 

6

+ 2 8 M1 + 2(8-a-n M2) + 
(o-8-f )~~ (2 a K ~: K2ct~ (5 a56

+ 2 e M2 + 

~~~~ 
M3 + (0-8+Q) M4)

-f~~~
(K U:P3 - 2

~~3)] 

a~6

6-f 
+ 

6-f (q ~-1) +
= ~ ~ ~~~~~~~~ 

- 
~~~ 

12 - u~ 

~ 
dy’-

= 2 2  ~~o ( K u p  - 4 ~~3 + 4 p 3 )
K a 5 

6

+ 
2(:-a-o) 

(2 n1 
- a5 6 K u p36 

+ k1 + 
q 

M
1)

+ 

~::~ [n2 - ~~ (m4 + 2 L3 - ~~ 6-f 
K u )

1

I
- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



- 

~ T~--~T~ 

85

2(q 
~

-)
+ ~ (2 k2 + a~ 6 K U:) + 

~~~ 
M
2]}

+

= 

~
-:
~ 
( U dy~ = - 

Ka~~q 

~ 
[M1 - 

a56 
M
2]

+

= 
j

6 
(wi) dy~ = G9 :2as ~ ~: ~ 

- 2~~3)

6~

~~~ f (w ’- ~~ �~~J2 ) dy
0 s ay

0 + *  —

= 2 2 I (a + 0) K Ue P36 
+ 4 0 (p36 

- 

~3~I3 K a ~ L J

+ (o- B~ a) a K ~: [ ~s- + ~~~~~ (k2 - ~~ P2
3
)]

K a
5

p
2 6

- 2 0 
[K ~: (~ ~56 

- 
~~~ 

~
2: 

- 

~ P2(5 
p3 ) - + 

~~~~~~ ~5]

+ ~~~[2 
n2 - + ~~~ k2 

- ~~ (m4-k1) - ~~ 
(L3-Ki)]

+ 
4(;~+a) [ n2 + ~~~ k2 

- K ~: p2 (
~ p

~~ + ~~~ 
p5 ) + L3 

- n
i]

- - 
- 

2(~~8 a )  
[2  

n3 + k3 + fl
1 

- K ~: (~ + 
~~~ 

+ ~~ 
p215 

P7 ) 

—-- ~ -- - - • —— ----t-• ~~~~- -



~~.— ~~~~~~~~~~~ 
—

- - ~•- - - • 
— -

86

~~L5 - ~~L3 
- ~~m6

+ 
(0-;+a) 

[n4 
- ~~ K4 + ~~~ k4 

- 

~~~~~~~~ 
(15 m8 - 42 m6 + 35 m4 )

- ~~ (15 L7 - 42 L5 + 35 L~ - 4 K ~:

- 

P2~ (~ (5:~
1) 

~~~ = - 

6~~y1) 
- �~ J3J dy~

2(q —l)(0— B-i-a)
= 

22 
a K U :( _ K i +

~~
_ K

2 )
K a

5
q p

2
6 

6

+~ _-n l

+ 
(e-8:aI

[1 P215 
K ~: (p 2~ K u + ~~ 

p5 ) + n1 
- n2 - L

3]

+ (o-:~a) [ - K Ue (~4~ ; 
+ 

~~~ 
+ 

~~ P2 K u J

+~~~ n 1 
+~~~ n3 -~~~L3 +~~~L5 +~~~ (5m4 - 3 m 5)]

_ -  —-----— - - - _ _ ___  - —- —— --- — --j- —~ — - - - -- —a—-- - 



1 ;

87

+ (oPa) [
~ 

K ~: P2~ (K ~: ~~ - - n4

+ ~~ (15 m8 
- 42 m6 + 35 m4 + 30 L7 - 84 L5 + 70 L3)]}

= 

6~ 
- - 

6~ (q~~-i) 

~ ~~~~~~~~ 
- -

~
-
~~~~~ J

3)] 
dy~

G~~ + [- 
p2 ( q- i) 

G~~
]a5q~~

= v— ~~~~ 

(W -
~~~~~~~ 

- ~~ ~3J dy

- 
KU

~ 
~ 

p2~q6~
-1) 

G(b)

~ + T 
L a~q 13

= u ~~~~~~
- dy~ = 

[u2 - -L M1 + _i
2- £4

2]0 S 6 p2 6

= 
~~ (~ -~~~~~~

- - 
~~~~~~ ~4J dy~

= 
~ ~

a K u e (ul ~~~ K1 *K2)K a
~ I. 26 P26

+ 0 [
~ ~2 K

2 ~f - 2 K ~: ~~ 
+ 

~~



F ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 
~ 

~~ U
+ p56 

- 

5
~~~ios

2

~2
2
~~ ~: P; - 

~~)]} 

88

+ ~ (8-a-0) 
- p2 K

2 
~
:2 + 

Kue (2 p3 + 1)
15 6

2 nl 
+~~~~K ~: (1 - Ps )]

1 + *  
-

~ 8 + 11 1 1
+ 

~~2- I ~g K Lie P7 + ~~ L~ - n
1 

+ K Lie 
+ T~ ~2 - ~~

~26 L 6

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-;; *L7 i ~s- L5 -
~~~

L3 * m 8 icm6~~~~
m
4]}

G1 7 J  (u~~w - ~~~~~I0) dy

= G3 - 2 0 (N 1 - — p )  + (8-~-o) 
~2 

K2 ~
:

K a 5 L ~

- K u (4 P36 
+ 2) +~~~~~~~~~ (n 2 + 2 m4 + 4 L 3)]}

+

= I~ 
u~ ~~~~~~~~ dy = 2 [K 

u U1 - ~~?_ M1 + J

2- 
M
2]

0 K a
5 6 p

26


